ABSTRACT. We extend the abstract frameworks for the multigrid analysis for nonconforming finite elements in [6, 4, 12] to the case where the assumptions of the second Strang Lemma are violated. The consistency error is studied in detail for finite element discretizations on domains with curved boundaries. This is applied to prove the approximation property for conforming elements, stabilized Q 1 P 0 -elements, and nonconforming elements for linear elasticity on nonpolygonal domains.
Proving the approximation property for nonconforming finite element discretizations is formalized for many cases in [6, 4, 12] : it suffices to verify criteria on the approximation quality and the consistency error. In these papers, it is required that a continuous bilinear form can be extended to a nonconforming finite element space, which is not valid in many interesting cases.
The purpose of this paper is to establish a full set of criteria which guarantees the approximation property for a wide range of nonnested discretizations, where we do not assume that the discrete bilinear form coincides with the continuous bilinear form for all conforming functions. In the notation, we follow BRAMBLE [5, Chap. 4] , and our results can be applied directly to the multigrid theory described there. Our results extend known results by BRENNER [6] , STEVENSON [12] , and provide a systematic and constructive way of studying nonnested multigrid algorithms for more general nonnested spaces and varying forms.
Our paper is organized as follows. First, we introduce an abstract setting describing a multigrid hierarchy for nonconforming discretizations of an elliptic partial differential equation without full regularity. As usual, the multigrid approximation property is derived by comparison with the finite element approximation property, which we formulate using an interpolation operator and its adjoint with respect to the energy scalar product. In a second step (Section 1.9), we derive the approximation property from consistency assumptions on a conforming comparison space, similar to the approach in [6] .
In Section 2, we consider the case of conforming finite elements on a polygonal approximation of the computational domain. Here, we choose a comparison space consisting of curved finite elements. After introducing a suitable interpolation operator, we use the equivalence of the operator norm scale (used throughout Section 1) to the standard Sobolev norm scale; note that this is the only step where regularity of the continuous problem is required. Then, the consistency assumptions can be proved in the Sobolev norm scale; this is done in Sections 2.4, 2.5 and 2.6. In Section 2.7, we show that these estimates lead to improved a priori finite element estimates as well.
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In Section 3, the results are first applied to linear elasticity with conforming finite elements. Then we show that they carry over to the case, in which the bilinear form is modified by a well-known stabilization technique. Finally, we combine our results with [6] to obtain multigrid convergence for nonconforming finite element approximations on curved domains as well.
The abstract setting
We consider an abstract setting, where we assume that the discrete problem is connected with the continuous problem by an interpolation operator π j . In the first step, we show that the approximation property is a consequence of an approximation assumption on the adjoint interpolation. In the second step, we derive properties of the adjoint interpolation by comparison with a suitable conforming finite element space.
The continuous problem.
Let H be a Hilbert space with inner product´ µ, and let A : dom´Aµ H be a selfadjoint and positive definite operator such that the domain dom´Aµ is dense in H.
We define H α dom´A α 2 µ for α ¾ 0 2℄ equipped with the norm
and we denote the dual space by
We define the bilinear form A :
v w ¾ H 1 Within the abstract setting, we fix a regularity parameter β ¾´0 1℄.
The discrete problem.
Let M j , j 0 J be discrete spaces with inner products´ µ j , let A j : M j M j be symmetric positive definite operators on M j , and let A j´v j w j µ ´A j v j w j µ j v j w j ¾ M j be the associated bilinear forms. For α ¾ 0 2℄, we define the discrete norms
Finally, we set λ j A j j , and we require
We assume that the continuous spaces and the discrete spaces are connected by surjective interpolation operators
For the interpolation, we require
For the adjoint interpolation, we assume
1.5. Prolongation and restriction. We assume that the discrete spaces are connected by prolongation operators
We assume the compatibility of the prolongation I j and the interpolation π j
and the stability
1.7. Duality. By duality with respect to the bilinear forms A and A j we have
A´v wµ w 1·α (3) for α ¾ β 0 β . This implies the dual estimates for (Π)
and for´Pµ 
follows from (S), (G), (Π), (P) and (B).
PROOF. The approximation property (A) is a simple consequence of exists such that ϕ j is a stable right inverse of π j , i. e., π j AEϕ j id M j , and
Based on ϕ j we can derive a bound for the error of the adjoint interpolation in the discrete energy norm from the first consistency and approximation assumption
LEMMA 2. Assume that (Π), (Φ) and (C) are satisfied. Then, we have
v j π j π £ j v j j 1 º λ β 2 j v j j 1·β v j ¾ M j ´Eµ
PROOF. (C) can be written equivalently as
´C ¼ µ and using (3), this is equivalent to
we get from (Π), (C £ ), and (Φ)
Again by duality (3), (E £ ) is equivalent to (E). 
PROOF. (D) can be written equivalently as
´D ¼ µ and the assertion follows directly from
£

Curved finite elements
As an application of our theory, we consider the case of finite element approximations for elliptic problems on domains with curved boundaries. The discretization with Lagrange elements of lowest order on domains with curved boundaries will be done on a polygonal or polyhedral approximation of the domain. In this case, the approximating spaces are not contained in L 2´Ω µ, and the theory of [6] cannot be applied. By comparison with curved finite elements as they are introduced and analyzed for triangles by ZLÁMAL [16] (and in a more general formulation in [1, 9, 10]), we derive a bound for the consistency error.
Local transformations.
Let Ω R d , d 2 3, be a Lipschitz domain, and let Ω j R d be a polygonal approximation of Ω such that Ω j can be decomposed
Every element E ¾ E j is assumed to be the image of a reference elementÊ (e.g. the unit triangle/quadrangle for d 2, or the unit tetrahedron/hexahedron for d 3) under a linear mapping T E :Ê E. We require quasi-uniformity with respect to a mesh parameter h j , that is we assume that all linear mappings
We assume that transformations
This implies In addition, we need
Let φ j ´φ E µ E¾E j ¾ C 0´Ω j µ d denote the global map resulting from combination of the φ E . We require that φ j : Ω j Ω is bijective. From (5) and (7), we find that the approximation is improving by id φ j ∞ º h be a standard conforming finite element space on the polygonal domain Ω j . Since we assumed quasi-uniformity for the mesh, an inverse inequality
holds. For the application of the criteria formulated in Section 1.9, we need to define the operators π j and ϕ j . Since M j was assumed to be a subset of H 1´Ω j µ m and the mapping φ j is piecewise smooth, a suitable operator ϕ j can be defined
in the sense of [6] . The operator π j is obtained by the following theorem: (10) follows from (6) . By construction, we also have´π j AEϕ j µv j v j for all v j ¾ M j . £
We will need the following error estimates. THEOREM 5. We have
PROOF. Using (6) , (12) is an immediate consequence of (11), and we prove (11) by comparing with the pointwise interpolation operator ψ j : C 0´Ω j µ m M j which satisfies
for k 1 2. Now, the case k 2 in (11) can be proved using (6) and (Q) by
The case k 1 in (12) can be obtained using (Q), (I), and (14) in
Finally, we obtain from (10) and (6)
Together with (12) for k 2, we can apply the interpolation of operators to id π where a ¾ C 0 1´Rd µ md¢md is a symmetric and positive semidefinite matrix function. Moreover, we fix boundary conditions. We assume that the bilinear form A is elliptic in The approximated bilinear form on Ω j is denoted by
and we define the inner product on Ω j bý v wµ j
(which defines the discrete norm scale (2)), and we assume conformity M 
we obtain the assertion by summing over all elements and applying the Schwarz inequality together with (10). £ 2.6. The dual estimate. We now want to prove Theorem 8 in the case k 2. For this purpose, we need a linear extension operator
i. e.´η j vµ Ω v and
(such an extension operator exists, see [15, Th. I.5.2]). In particular, we have for the pointwise interpolation operator
Now, the estimate (18) for k 2 can be proved in two steps 
PROOF. First, using (23) and (Q) gives for w ¾ H 2´Ω µ m and k 1 2
Summing up the elements and inserting (6) and (22) 
£
In the next step, we estimate the error which is introduced by the change of the domain. Therefore, we define the boundary homotopy
We obtain from the transformation theorem and the trace theorem 
The other two terms are of the same form, so that it is sufficient to estimate the second one. Here, integration by parts yields
with g ´a∇η j wµ ¡ n. Because of (24), only the boundary integral remains to be estimated. We achieve this by splitting ∂Ω j into the Dirichlet boundary part Γ j and the Neumann boundary part ∂Ω j ÒΓ j .
Let S Ë t¾ 0 1℄
S j t´Γ j µ be the stripe containing both Γ and Γ j . Since v vanishes on Γ and S º h 2 j , we obtain the Poincaré estimate
Integrating the identitý
along lines connecting Γ and Γ j yields
using (27). This gives
and analogously (by extending g to Ω j )
Thus, we have for the Dirichlet part Lemma 13 . Finally, we have for the Neumann part
where we used the trace theorem and (24) for 
for k 0 1 2, we have in the case of full regularity β 1
PROOF. We denote u £ π £ j u j and consider the splitting
The first term is estimated by η j´u
using duality in the first equation and (28) for k 1 2. The second term is estimated with (24), (R) and (Π £ )
The last term is estimated by (E) and (G), which gives
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Application to linear elasticity and stabilized finite elements
We apply the results of the previous section to linear elasticity. Then, we have m d, and the operator in Section 2.3 is defined by
(with positive Lamé constants λ µ) with the associated bilinear form
A´u vµ
Ω
Cε v ¡εwdx
Since the Dirichlet boundary Γ has nonzero measure, Korn's inequality yields
for the operator norm scale defined in (1) . Further, we require that the regularity assumption (R) holds for some β ¾´0 1℄, which implies the norm equivalence (29) for α 1 · β as well.
3.1. Conforming finite elements. Now, let Ω j be a polygonal approximation of Ω, let Ω j be decomposed into elements E ¾ E j with the properties stated in Section 2.1, and let M j H 1´Ω j µ be the finite element space of piecewise (bi-/tri-) linear functions satisfying v j AEφ j 0 on Γ. We assume that the mesh is quasi-uniform with respect to the mesh size h j , i. e., h E h j . This implies that the inverse inequality (I) holds and that the pointwise interpolation operator ψ j satisfies (Q). Thus, the results in Section 2.2 can be applied. Finally, we use the approximated bilinear form (16) . Now, we check all requirements for the approximation property.
Scaling. In the case of uniform refinement, we obtain 2h j 1 h j , j 1 J; together with (17) and (30), this implies (S). Interpolation. The existence of an appropriate interpolation satisfying (Π) is shown in Theorem 4. Prolongation. We define I j by the bilinear interpolation on M j 1 , i. e. Consistency. For ϕ j defined in Section 2.2, we obtain (Φ) from (6) . Now, the consistency assumptions (C) and (D) follow from Corollary 9 and (R).
Stabilized finite elements.
In this subsection, we apply our criteria to Q 1 P 0 -elements [11, Chap. 4.4] which are commonly used in engineering applications for reducing locking effects (see, e. g., [2] ). Although this discretization is not fully stable for the Stokes problem, it improves the quality of finite element solutions for problems in elasticity and plasticity, see, e. g., [13] .
By static condensation, the Q 1 P 0 -discretization corresponds to using M j with the stabilized bilinear form
where the so-called B-bar operator is defined bȳ
on every quadrilateral / hexahedron E ¾ E j .
On Ω j , we have the norm equivalence
and concerning the consistency error, we have for the pointwise interpolation 
